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Motivation

@ Measurement of sparse signals

» Compressive sensing (Donoho 2006 , Candes and Tao 2006)
» K <M « N, no source model
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@ Compression of sparse signals (some source model)?
» Compression ok noty (Fletcher, Rangan and Goyal 2007)
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Source model for sparse signals
@ X" e R", x, = 0 most of the time6%)
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@ Bernoulli-Gaussian random variabte= b x s
» b~ Bernoullip, s ~ N(0,0?), x ~ Z(p, 0?)
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@ Bernoulli-Gaussian random variabte= b x s

» b~ Bernoullip, s ~ N(0,02), x ~ Z(p, 0?)
> p= 0.05,062=1
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Bernoulli-Gaussian random variable x ~ Z(p, o?)

@ x is not a continuous random variable (no PDF), infinite entrop

I-p

@ Some classical results for continuous r.v. might need egrixation

0
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Compressing x" ~ Z(p, 0?)

@ Lossy source coding: representing real sequence by bits
» Encodeff, and decodegy: f, : R" — {0,1}"™ and g, : {0, 1}"R — R",
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Compressing x" ~ Z(p, 0?)

@ Lossy source coding: representing real sequence by bits
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Compressing x" ~ Z(p, 0?)

@ Lossy source coding: representing real sequence by bits
» Encodeff, and decodegy: f, : R" — {0,1}"™ and g, : {0, 1}"R — R",
> Xn—>fn—>anR—>gn—>f(n

> X0 = gn(fa(X"))

n
@ Average distortiord(x", ") = £ > (% — %)?
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Rate distortion function R(D) (1)

@ R(D) minimum rate such thd&(d(x",x")) <D

» R(D) = min [ (x; X) (Shannon)
P;\xifxPx(X)P;\x(X\X)d(XX)SD

» x: discrete or continuous
» Computation oR(D) for discrete random variables (Blahut)
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Rate distortion function R(D) (1)

@ R(D) minimum rate such tha&(d(x",x")) < D

» R(D) = min [ (x; X) (Shannon)
pm:fkpx(X)p;\X(X\X)d(XX)SD

» x: discrete or continuous
» Computation oR(D) for discrete random variables (Blahut)
@ Gaussian random variables~ N(0,¢?): R(D) = 1 log, %2

@ Lower and upper bound &(D) for x ~ Z(p, o?)

» Construction of a encoder-decoder pair: upper boung(@n
» Under some rat® such that the distortion constraint cannot be satisfred:
is a lower bound
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Rate distortion function R(D) (2)

@ Average sensd(d(x", gn(fa(x")))) < D, R(D)
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@ Average sensd(d(x", gn(fa(x")))) < D, R(D)
@ Strong sense Rd(x", gn(fa(x"))) > D) — 0,R(D)
@ R(D) = R(D), upper bound®(D) and lower boundR (D)

» Discrete random variable: covering lemma (Csiszar)

» Continuous random variable: quantization of the PDF (opeppor use
Kiminori 2005

> (fn,0n) good in strong sense=- (f;, g;,) good in both
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Rate distortion function R(D) (2)

@ Average sensd(d(x", gn(fa(x")))) < D, R(D)
@ Strong sense Rd(x", gn(fa(x"))) > D) — 0,R(D)
@ R(D) = R(D), upper bound®(D) and lower boundR (D)
» Discrete random variable: covering lemma (Csiszar)
» Continuous random variable: quantization of the PDF (opeppor use
Kiminori 2005
> (fn,0n) good in strong sense= (f,,, g;,) good in both

@ Typical Gaussian sequence, continuous<=- discrete r.v.
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Some obvious bounds on R(D) of Bernoulli-Gaussian

(1)

@ x=bxs~ (1-p,p) xN(0,5?)
» R(D) for Z(p, 0?) =R(Z
x~(1-p,p) x N(O,1)
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Some obvious bounds on R(D) of Bernoulli-Gaussian

(1)

@ x=bxs~ (1-p,p) xN(0,5?)

» R(D) for Z(p, 0?) = R(5) for Z(p, 1), so from now on
x~(1-p,p) x N(0,1)

@ Gaussian r.v. has the highd&D) among r.v. with the same variance
@ Upper bound 1VAR(x) = p
> R(D) < 3log5
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Some obvious bounds on R(D) of Bernoulli-Gaussian

(2)

@ Encoder observes", xi = by x s — (bi, 5)
@ Upper bound 25" lossless, none-zero part of" lossy
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@ Encoder observes", xi = by x s — (bi, 5)
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Some obvious bounds on R(D) of Bernoulli-Gaussian

(2)

@ Encoder observes", xi = by x s — (bi, 5)
@ Upper bound 25" lossless, none-zero part of" lossy
» To encode", nH(p) bits needed typicallpp 1's in b"

» For the none-zero entriesP, Z(x. %)? <nD = Z( —%)? < %

Gaussiannp3 log £ bits
» Total number of b|tsn( (p) + 5log §)
» Rate:R(D) < H(p) + Slog &

@ Genie gived" to the decoder, encoder still needs some bits to describ
the non-zero part of"

@ Lower bound:R(D) > 5log §
@ Shannon lower bound does not apgh(&) — H(D))
@ Improvement on the lower bound?
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Some obvious bounds on R(D) of Bernoulli-Gaussian

3)

@ Slog§ < R(D) < min{H(p) + §log §, 3 log §}, p= 0.1
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Improvement on the lower bound

@ (fn, gn) good in both average and strong sense
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Improvement on the lower bound

@ (fn, gn) good in both average and strong sense

5"

o R

| Decoder g f— &

b

}
& ~

@ Athree step approach
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» Step 2 and 3 bounding the two mutual information separately
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Improvement on the lower bound

@ (fn, gn) good in both average and strong sense
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@ Athree step approach
@ Step 1:nR > [(a"™; b") + 1(a"™; s"|b")

Standard information theory (even for hybrid sourcés), s

Has nothing to do wittx"

Step 2 and 3 bounding the two mutual information separately
NR > 1(a"™; s") + 1(a"™; b"|s")
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Step 2: bounding | (a"™; s"|b")

@ nR > I(a"™; b") + 1(a"; s"|b")
@ Genie gived" to the decoder, minimum “rate” needed, such tf&t,g,)

is good (in average sense), iy, g,) is designed in the way that genie
does not exist.
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Step 2: bounding | (a"™; s"|b")

@ nR> | ( nR. bn) ( nR; Sn‘bn)
@ Genie gived" to the decoder, minimum “rate” needed, such tf&t,g,)

is good (in average sense), iy, g,) is designed in the way that genie
does not exist.
» With genie, lower bound 1I:(a"?; s"|b") > §log §

» Without: I(a”R; Sn|bn) 2 g |Og W

» Proof: (f,, gn) good in average sense

@ 1(a™;s"|b") > Blog &, possible further improvement 1
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Step 3: bounding I(a"™, b") (1)

@ (fy,0n) good in strong sense
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Step 3: bounding I(a"™, b") (1)

@ (fy,0n) good in strong sense

n

s
l R
G
x
Lossy Coding Channel
@ A new look
o
Channel en | -
R Rt S o =y
Lossy Coding Channel Channel R

m

Decoder G,

» me {1,2 ...2"%} Rdetermined later
» Standard Gallager random channel codipgs~ p
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Step 3: bounding I (a"™}, b") (2)

@ The “randomized capacity” for the “lossy coding” channel

2"
» Code book selection P€, = C) = [] pl(cm)(l _ p)ﬂ—l(cm)

m=1
» Code book is then shared between channel caderss,)
» Average errorError, = > PH G, = C) (Pr(m # m(a™)|G, = C))
cen®
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Step 3: bounding I (a"™}, b") (2)

@ The “randomized capacity” for the “lossy coding” channel

2"
» Code book selection P€, = C) = [] pY©) (1 — p)"—1cm

m=1
» Code book is then shared between channel caderss,)
» Average errorError, = > PH G, = C) (Pr(m # m(a™)|G, = C))
ceBZ®

@ Rachievable if limError, =0

n—oo
@ Duality: I(a"™, b") > supR
@ Need to desigis, at some rat® > 0, such thaError, — 0
@ R(D) > 1(1(a™; s"[b") + 1(a™, b") > Blog § +R
@ Previous lower bound log §
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Step 3: bounding I(a"™}, b") (3)

@ Construction of a decodé3,, at a positiveR such thaError, — 0
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Step 3: bounding I(a"™}, b") (3)

@ Construction of a decod&s, at a positiveR such thaError, — 0
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Step 3: bounding I (a"™, b") (4)

@ Arbitrarily varying channel, constraints @, f,: d(x",X") < D for most
X" (ignore the rate constraint)
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Step 3: bounding 1 (a"R, b") (4)
@ Arbitrarily varying channel, constraints @, f,: d(x",X") < D for most
X" (ignore the rate constraint)

@ (fy,0n) is the adversary. What would they do knowing the channel
coding schem&,, L (without knowing the codebook)?

» With a budged " (x — %)2 < nD
» Minimize the hits and maximize the misses for the true coddwo

AN n
X X

m

» A zero-sum game with payoR, player 1:L, player 2:(r,U)



Step 3: bounding I (a"™, b") (5)
@ The adversary’s stratedy, U), (typical behavior ok")
R = max min h(L,U,r)}
L>0 "U>L,re[0,1—p]:Ty(L,U,r)<D
h(L,U,r) =

(px Pr(|s| > U) +1D(BRr=mt p)  s25rigsty > P

{ Pr(js|>U
0 ’ pEIXDr(|r(s||s>|U)3-r <Pp

U 1 2
s~ N(0,1) andT1(L,U,r =rL2+2/ s—L)>—=e zds
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Bounds on R(D) of Bernoulli-Gaussian (1)
@ ImprovemenR increases ab decreases

0.8
--- Upperl R(D, N(0,p))
o7k +=++ Upper2 H(p)+pR(D,N(0,p)) i
. Lowerl pR(D,N(0O 3
N 5 Improved Iower pR(D,N(O, p))+R(D p)
~,
0.6 ‘<, )
05 - T e .
X o4t 7
0.3F )
0.2 B )
a
0.1 - o |
|
I - ©
0 L L L L L L \E = g B g
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.8 0.09 0.1

Chang (HP Labs, Palo Alto )

22/24



Bounds on R(D) of Bernoulli-Gaussian (2)

o R(D) —plog}

0.35

0.3F

Improvement Ri(D,p)
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Bounds on R(D) of Bernoulli-Gaussian (2)

o R(D) —plog}

Improvement Ri(D,p)

0.1f

@ Sparse signgd — 0, the known gapi (p) is almost eliminated
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Conclusions

@ Source model for sparse signals: Bernoulli Gaussian
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Conclusions

@ Source model for sparse signals: Bernoulli Gaussian
@ Some obvious lower and upper bounds with gap at rigp)
@ Improvement on the lower bound: plog % for smallD

@ Duality between rate distortion function and the capacitthe lossy
source coding channel (arbitrarily varying channel)
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Conclusions

@ Source model for sparse signals: Bernoulli Gaussian
@ Some obvious lower and upper bounds with gap at rigp)
@ Improvement on the lower bound: plog % for smallD

@ Duality between rate distortion function and the capacitthe lossy
source coding channel (arbitrarily varying channel)

@ Future work
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